We present a uniqueness result in dimensions 2 and 3 for the inverse fixed angle scattering problem associated to the Schrödinger operator −∆ + q, where q is a small real valued potential with compact support in the Sobolev space W β,2 with β > 0. This result improves the known result, due to Stefanov [6], in the sense that almost no regularity is required for the potential. The uniqueness result still holds in dimension 4, but for more regular potentials in W β,2 with β > 2/3. The proof is a consequence of the reconstruction method presented in our previous work [1] .
Introduction
We consider the scattering problem appearing in quantum mechanics of finding u the solution to    (−∆ + q(x) − k 2 )u(x) = 0, x ∈ R d , u = u i + u s , ∂ r u s − iku s = o r −(d−1)/2 , r = |x| −→ ∞, (1) where q ≡ q(x) is a real valued potential with compact support, u i ≡ u i (x, θ, k) = e ikθ·x is the incident wave, with wave number k > 0 and direction of propagation θ ∈ S d−1 .
The solution u of problem (1) is known as the outgoing scattering solution, and u s , which is the perturbation of the incident wave due to the potential, as the scattered wave.
It is well known that for appropriate potentials q, u s satisfies
where ω = x/|x| and
The function u ∞ ≡ u ∞ (ω, θ, k), known as the scattering amplitude or farfield pattern of u, depends on the wave number k > 0, the incident angle θ ∈ S d−1 and the reflecting angle ω ∈ S d−1 . The central problem in inverse scattering for the Schrödinger equation is to recover the unknown potential q from the scattering amplitude u ∞ . This is an overdetermined problem, since u ∞ depends on 2d − 1 variables while q only depends on d.
Therefore, it is natural to recover the potential from partial knowledge of the scattering amplitude. From the applications point of view, the most widely studied cases are the fixed angle scattering data, the fixed energy scattering data and the backscattering. An important question that arise is if this partial knowledge of the scattering amplitude determines the potential. Here we are interested in this problem when considering fixed angle scattering data, i.e. given θ 0 ∈ S d−1 , we assume known u ∞ ≡ u ∞ (ω, ±θ 0 , k) for ω ∈ S d−1 and k > 0. More precisely, we are interested in the following uniqueness question: Are there two different potentials q 1 and q 2 with the same fixed angle scattering data? Note that in this case both the potential and the scattering data depend on the same number of parameters d.
Mathematical analysis of reconstruction algorithms for fixed angle scattering data was first considered by Prosser [3] , who obtained a potential in series form that fits the fixed angle scattering data in dimension three, under some restrictions on the size of the potentials in a Friedrichs type norm. However, the uniqueness result remained open. The first uniqueness result is due to Bayliss, Li and Morawetz [2] , that proved uniqueness when the fixed angle scattering amplitude vanishes. This result was extended by Ramm [4] to scattering data coming from compactly supported potentials q that are constant along the lines defined by the direction θ = θ 0 .
As far as we know, the most important result in this subject is due to Stefanov [6] , who proves uniqueness for small complex valued potentials in W 4,∞ with compact support in R 3 . In the particular case of real potentials, he shows that it is enough to consider scattering data for a unique incident angle θ 0 (see Remark 2.1).
Our uniqueness result, given in the following theorem, improves Stefanov's result since much less regularity is required on the potentials and also holds in dimensions two and four. However, we consider a larger set of scattering data since we use the scattering amplitude coming from both θ 0 and −θ 0 .
with compact support and scattering amplitude given by u i ∞ (ω, θ, k). Then, there exists a constant B small enough (see Remark 2.5), depending on β, d and the supports of q 1 and q 2 , such that if
and
In general, W α,p (R d ) denotes the Sobolev space
where
F denotes the Fourier transform and ξ = (1 + |ξ| 2 ) 1/2 .
Proof of Theorem 1.1
The proof of Theorem 1.1 is a direct consequence of Theorem 1.1. of [1] , where authors construct a sequence of approximations using the fixed angle scattering data and prove that it converges to the potential in certain Sobolev space and for certain potentials.
For completeness, we include here the statement of Theorem 1.1. of [1] . We first observe that the scattered wave u s in (1) for θ = θ 0 satisfies the Lippmann-Schwinger integral equation given by
where R k denotes the outgoing resolvent of the Laplace operator, which in terms of the Fourier transform, is defined by
Under the conditions of Theorem 1.1, the existence and uniqueness of u s is guaranteed by Theorem 2.11 of [1] .
Moreover, since u(x, θ 0 , k) = e ikθ 0 ·x + u s (x, θ 0 , k), from (3) we obtain
This provides a first approximation to the unknown potential q called the Born approximation. Formally, if we remove the last term in (8), the right hand side is the Fourier transform of q along the so-called Ewald spheres.
More precisely, given θ 0 fixed, we have, up to a zero measure set,
For ξ ∈ H ±θ 0 there exist unique ω(ξ) ∈ S d−1 and k(ξ) > 0 such that
The Born approximation for fixed angle scattering data θ 0 of a potential q is defined by
Remark 2.1. Definition (10) is equivalent to the one used by Stefanov in [6] when ξ ∈ H θ 0 , but it differs when ξ ∈ H −θ 0 . More precisely, instead of considering scattering data for −θ 0 and k > 0, the scattering amplitude in [6] is extended to k < 0 by u ∞ (w, θ 0 , k) = u ∞ (w, θ 0 , −k). In this way, only scattering data coming from θ 0 are required. Now we insert iteratively the Lippmann-Schwinger integral equation (6) into (8) to obtain for ξ = k(ξ)(ω(ξ) − θ 0 (ξ)) and m ≥ 1
In order to construct our sequence of approximations of q, we fix m and consider the operator
where φ ∈ C ∞ is a cut-off function with compact support satisfying
with R > 0 such that the support of q is contained in B(0, R).
We define the sequence {q m,ℓ } ℓ∈N recursively by
Remark 2.2. Observe that q m,2 is nothing but φq θ 0 . On the other hand, form (13), the sequence {q m,ℓ } ℓ∈N only depends on u ∞ (ω, θ 0 , k) and R.
The following theorem states that the iterated limit, first in ℓ and then in m, of the sequence {q m,ℓ } m,ℓ∈N is equal to q, under certain hypotheses. 
le∈ W α,2 (R d ) be a real function with compact support in B(0, R) and such that q W α,2 < A,
for an appropriate constant A := A(d, α, R) > 0 small enough. For each m ∈ N, let {q m,ℓ } ℓ∈N be the sequence defined by (14). Them, there exists
Moreover, the sequence {q m } m∈N satisfies
Remark 2.4. The proof of Theorem 2.3 depends on very accurate estimates for R k , the resolvent of the Laplace operator, which can be found in [5] . The smallness condition (16) .
